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Abstract

In this paper, the 3D bilateral filtering (3DBF) method
of cardiac diffusion tensor magnetic resonance imaging
(DT-MRI) data is proposed. The technique integrates in-
formation both coming from spatial localization of the dif-
fusion tensors (DTs) as well as angular similarity (AS) of
primary eigenvectors of DTs and Jensen-Bregman LogDet
(JBLD) divergence for covariance matrices.

In comparison to recently literature reports, we show
that using a similarity measure based solely on a covari-
ance matrices is not enough to perform the most accurate
DT-MRI data enhancement in tensors domain.

Our investigation on synthetic and real ex-vivo canine
cardiac DT-MRI data shows that the best results by 3DBF
method are commonly obtained by AS measure and JBLD
divergence synergy. The fractional anisotropy root mean-
squared error (FA RMSE) for cardiac data decreased from
0.0855 (noisy data) to 0.0473, whereas primary eigenvec-
tors angle difference mean (AD) improved from 25.9±19.8
to 19.2± 18.9.

1. Introduction

DT-MRI is a modern and emerging medical imag-
ing modality, which, as the only one, can assess fiber
structure arrangement on a microscopic level in a non-
invasive way [1, 2]. However, inherent cardiac cycle, res-
piratory system as well as technical issues (e.g., eddy
currents, magnetic field inhomogeneity, Johnson-Nyquist
noise) considerably affect the data quality [3], in particu-
lar change the directions of the principal eigenvectors and
eigenvalues proportions of the diffusion tensors. In conse-
quence, it leads to ambiguities in quantitative analysis of
DTs (e.g., fractional anisotropy measure – FA) and fiber
tracts obtained with tractography algorithms [4–7].

Although the diffusion data filtering process could be
realized either on diffusion-weighted images (DWI) [7]
or DT-MRI data [9], nevertheless, there is still no “gold
standard” in this field. A comprehensive comparison of
cardiac DT-MRI data enhancement techniques could be
found in [6].

In this paper, however, we focus on the latter case and

propose the filtering method to enhance the DT-MRI car-
diac data quality, which operates directly on the tensor field
and its properties. The paper is organized as follows. In
section 2, the validity of this work is confirmed based on
Monte Carlo simulations. Afterwards, in section 3, the fil-
tering approach is presented and in section 4, numerical
results of 3DBF are shown and compared. Finally, in the
last part of the article, the concluding remarks are drawn.

2. Noise influence Monte Carlo simula-
tion

To affirm validity of this work, we performed
acceptance-rejection quasi-Monte Carlo (qMC) simulation
with low-discrepancy Halton sequence and M = 10000
iterations for each noise standard deviation σ case. We
chose S0 = 250 amplitude with negligible small diffu-
sion gradient, b-value fixed at 1000 s/mm2 and six non-
collinear diffusion gradient directions, which three of them
are aligned to X , Y and Z axis, respectively. The dif-
fusion attenuations were prepared in such a way that the
primary eigenvector v1 = [1, 0, 0]

T of the diffusion ten-
sor is aligned with X axis. We generated artificial uncor-
related, between gradient directions, N (0;σ2) distributed
noise in real and imaginary parts of DWI data (equiv-
alent to Rician distributed amplitude), reconstructed the
DWI amplitudes and estimated DTs by weighted-least
squares procedure [1]. To perform quantitative analy-
sis of the deformed DT, the azimuthal ∆θ and zenithal
mean angle changes ∆ϕ of distorted primary eigenvector
v′1 =

[
v′1,x, v

′
1,y, v

′
1,z

]T
were defined as:

∆θ = arccos

( |v′1,x|
‖v̂′1‖

)
(1)

∆ϕ =
π

2
− arccos

( |v′1,z|
‖v′1‖

)
= arcsin

( |v′1,z|
‖v′1‖

)
(2)

where v̂′1 =
[
v′1,x, v

′
1,y, 0

]T
is v′1 projected onto XY

plane and ‖ · ‖ is `2 vector norm.
In Fig. 1 qMC simulation results of ∆θ and ∆ϕ mean

changes are shown. For tensors, which represent similar to
isotropic environment (FA=0.09), even the smallest noise
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Figure 1. Comparison of azimuthal ∆θ (a) and zenithal angle mean changes ∆ϕ (b) of primary eigenvector v1 of the
diffusion tensor due to noise standard deviation σ and various tensors characterized by FA parameter

impact can radically change primary eigenvector direction.
In fact, this is caused by possibility of eigenvalues propor-
tions modification. The previous primary eigenvalue is no
longer the biggest one, thus, the other eigenvector, asso-
ciated with new dominant eigenvalue, indicates new ma-
jor tensor direction. The zenithal angle mean changes ∆ϕ
look analogously to ∆θ, however, slightly lower values of
∆ϕ are directly caused by the zenithal angle changes defi-
nition (2). For large FA value (FA=0.75), which represents
highly anisotropic diffusion environment, both ∆θ and ∆ϕ
changes are featured by almost linear response in consid-
eration of increasing noise standard deviation σ.

3. The 3D bilateral filtering algorithm

The bilateral filtering approach for grey and colour im-
ages was proposed in [8] and reinvestigated to diffusion
tensor data in [9]. The bilateral filtering can be treated as a
Nadaraya-Watson kernel estimator with adaptive selected
weights, which depend not only on kernel choice and ge-
ometric closeness (distance) but also on diffusion tensors
similarity. Following the notation included in [8], the bilat-
eral filtering process for certain x ∈ Ω (Ω ⊂ R3) is defined
as follows:

D̂x =

∫
Ω

wD(ξ,x)wS(Dξ,Dx)Dξ dξ (3)

where wD and wS are geometric closeness and diffusion
tensor similarity normalized weights, respectively.

In this paper, we propose geometric closeness measure
as an appropriately scaled cosine window:

wD(ξ,x) =

{
cos
(
π
2 ·
‖ξ−x‖
ξMAX

)
if ‖ξ − x‖ < ξMAX

0 otherwise
(4)

whereas DTs similarity measure we define in the cut-off

cosine window:

w
(1)
S (Dξ,Dx) =

{
cos
(
π
2 ·

ϕ
ϕMAX

)
if ϕ < ϕMAX

0 otherwise
(5)

where ϕ is angle module between primary eigenvector vx
1

of DT at given point x and its neighbourhood DT’s primary
eigenvector vξ

1 :

ϕ = arccos

(
|〈vx

1 ,v
ξ
1〉|

‖vx
1‖‖v

ξ
1‖

)
(6)

where 〈•, •〉 is an inner product and ϕMAX ∈
(
0; π2

]
is an-

gle cut-off value. Henceforth, w(1)
S similarity measure we

call angular similarity (AS). Also, we make use of recent
proposed in literature Jensen-Bregman LogDet divergence
for covariance matrices [10]:

dJBLD(Dξ,Dx) = log

∣∣∣∣Dξ + Dx

2

∣∣∣∣− 1

2
log
∣∣DξDx

∣∣
(7)

where |•| is a determinant of a matrix, Dξ and Dx are
positive-semidefinite covariance matrices of diffusion ten-
sors at ξ and x points, respectively.

Finally, the JBLD similarity measure we define as:

w
(2)
S (Dξ,Dx) =

2x̃

1 + exp (−β (x̃− dJBLD(Dξ,Dx)))
(8)

with

x̃ = median
ξ: ‖ξ−x‖<ξMAX

{
dJBLD(Dξ,Dx)

}
(9)

However, an ordinary Euclidean averaging of DTs in (3)
leads to a specific “swelling effect”, in which averaged ten-
sor has greater volume than components. Thus, we take
advantage of P-average for DTs [11], whereby calculations
are performed in a vector space (DTs form only a convex
half-cone), and then modify (3) as follows:

D̂x =

(∫
Ω

wD(ξ,x)wS(Dξ,Dx)
(
Dξ
)p

dξ

) 1
p

(10)
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Table 1. 3DBF results with AS, JBLD and AS+JBLD similarity measures on synthetic DT-MRI dataset (Fig. 2a, 16x16x16
lattice) due to various noise standard deviation σ in complex DWI domain. Best results for fixed σ value are bolded

Noise Fractional anisotropy RMSE Angle difference mean ± std. dev. [◦]
σ Noisy AS JBLD AS+JBLD H&H Noisy AS JBLD AS+JBLD H&H

5 0.0735 0.0148 0.0201 0.0146 0.0490 8.7 ± 4.9 1.9 ± 2.2 2.1 ± 1.6 1.8 ± 2.2 3.4 ± 5.4
10 0.1508 0.0506 0.0547 0.0476 0.0613 18.6 ± 12.9 5.4 ± 8.8 5.7 ± 4.8 4.9 ± 6.6 5.5 ± 5.7
15 0.2167 0.1236 0.0779 0.0776 0.0830 27.1 ± 17.6 12.1 ± 14.1 8.8 ± 7.9 8.5 ± 9.2 7.6 ± 8.7
20 0.2538 0.1556 0.0906 0.0888 0.0921 33.8 ± 20.8 19.1 ± 18.4 12.0 ± 8.8 12.2 ± 12.2 10.4 ± 7.0

(d) Denoised H&H(a) Noiseless (b) Noisy (c) Denoised AS+JBLD

X

Y

strong edge

weak edge ( )
Z

( )

Figure 2. 3DBF results with AS+JBLD measure compared to the H&H method [9] (dTJ
measure and α = 1) on synthetic

DT-MRI dataset. Pictures represent the single slices of noiseless (a), noisy (b) and denoised DTs fields (c, d), respectively

where (
Dξ
)p

= Vξ
(
Λξ
)p (

Vξ
)T

(11)

is an eigendecomposition of the tensor
(
Dξ
)p

and
(
Λξ
)p

is the diagonal matrix of an eigenvalues powers:(
Λξ
)p

= diag
[(
λξ1

)p
,
(
λξ2

)p
,
(
λξ3

)p]
, p ∈ R+

(12)

4. Numerical results

We conducted experiments both on synthetic and real
ex-vivo canine cardiac DT-MRI datasets (description of
the cardiac data is included in [5]). To confirm perfor-
mance of the proposed method, we generated artificial
N (0;σ2) distributed noise in complex domain of DWI
data. Then, we tested the proposed method with AS,
JBLD, and AS+JBLD similarity measures variants and
compared the obtained results with those from method pro-
posed in [9] with dTJ

measure and α = 1 (denoted in
this article as H&H). Experiments on real cardiac DT-MRI
data were preceded by a beforehand DWI data denois-
ing by well-known from image processing literature Per-
ona&Malik filter [12], thus, artifical Rician noise can be
applied and quantitative parameters differences calculated
between noiseless and denoised datasets. In AS+JBLD
case, we extend the definition (10) by additional simi-
larity weighting component wS = γw

(1)
S + (1− γ)w

(2)
S .

For all of our experiments on synthetic dataset we chose
ξMAX = 4, ϕMAX = π/3, β = 100, γ = 1/10 and
p = 1/10 as suggested in [11], whereas on real cardiac
DT-MRI data we assumed ϕMAX = 4π

9 and γ = 1/3.
Our investigation shows that the lowest fractional

anisotropy root mean-squared errors (FA RMSEs) between

noiseless and denoised tensors are reached in AS measure
and JBLD divergence synergy (Table 1, Fig. 1, Fig. 2).
Moreover, introducing an additional similarity component
(AS+JBLD), we commonly obtain more reliable repre-
sentation of anisotropy than separately using either AS
or JBLD divergence as a diffusion tensor similarity mea-
sure. The lowest primary eigenvectors angle difference
mean (AD) between noiseless and denoised tensors for low
(σ = 5) and medium noise level (σ = 10) are reached in
AS+JBLD measure. However, for high noise standard de-
viation (σ ≥ 15), the 3DBF is still eclipsed by the H&H
method, especially in primary eigenvectors v1 restoration
accuracy (Table 1). Furthermore, 3DBF approach has an
intrinsic drawback. If the noise highly distorts the data
close to the edge, the damaged DT will not be recreated
into the initial state in a single iteration of the algorithm.
Nevertheless, the H&H approach has also an imperfection,
e.g., the algorithm smooths strong edges (Fig. 2d).

In addition, we notice that high angle similarity cut-off
value selection (e.g., ϕMAX = π/3) leads to the most ac-
curate results of the AS+JBLD variant, notably for very
high noise standard deviation (σ = 20). However, perma-
nently increasing ϕMAX value reflects wide range of dif-
ferent DTs in averaging process, hence, the filtering pro-
cedure blurs strong (90◦ between adjacent primary eigen-
vectors) and weak (15◦) edges as well as other featured
information.

5. Conclusion and remarks

The 3DBF with AS+JBLD measure approach allows
one to significant enhance cardiac DT-MRI data, therefore,
the FA parameter and principal eigenvectors field could be
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(a) Noiseless (b) Noisy (c) Denoised AS+JBLD (d) Denoised H&H
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Figure 3. Diffusion tensor fields and fractional anisotropy parameter maps of noiseless (a), noisy (b) and denoised cardiac
DT-MRI data (080803) by the proposed method with AS+JBLD measure (c) and compared to H&H approach (d).

reflected in a more credible way. However, we note that for
tractography data preprocessing (primary eigenvectors re-
covery task) and high noise level (σ ≥ 15), it makes sense
to use H&H method.

We call attention to the feature preservation of our
method, therefore, strong DT edges are kept (Fig. 2c). Fur-
thermore, the approach defined as (10) does not require
special treatment of the boundaries and could be integrated
for more accurate image segmentation process of the heart
(e.g., generalization of active contour method into tensor
domain [9, 13, 14]).
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