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Abstract 

The O’Hara et al. ventricular cell model was used to 
quantify cell and tissue electrical characteristics under 
altered extracellular serum potassium ([K+]o) levels. The 
cell model was incorporated into a heterogeneous 1D bi-
domain virtual strand description where pseudo-ECG 
was computed. In multiple simulations, the effects of 
[K+]o on CV and ECG T wave were quantified. Further, 
heterogeneous inter-cellular coupling was simulated to 
elicit the augmented action potential dispersion in human 
ventricles observed experimentally. 

An increase of [K+]o reduced APD90 and increased 
cellular alternans propensity. In 1D simulations, CV was 
reduced due to both increased and reduced [K+]o. ECG T 
wave amplitude and absolute value of repolarization 
slope reduced with increasing [K+]o. 

There is a close correlation between ECG and [K+]o 
which could be used in non-invasive diagnostic methods. 

 
 
1. Introduction 

Mortality in end stage chronic renal disease patients is 
largely due to the associated chronic cardiac disease. 
Cardiac arrythmogenesis is also a major side effect of 
renal therapy like hemodialysis. Indeed, clinical 
observations show an increased incidence of fatal 
arrhythmic paroxysms during hemodialysis, 
demonstrating the sub-optimal personalization of the 
therapy [1]. A non-invasive diagnostic procedure being 
preferred, clinical efforts continue to investigate the 
manifestation of dialysis in the ECG [2]. Complementary 
to clinical and experimental studies, the proarrhythmic 
effects of altered serum electrolyte levels are being 
studied using biophysically detailed models of human 
cardiac cells and tissue [3-5]. This computer modeling 
study extends the cellular modeling to tissue level to 
enable simulation of realistic ventricular component of 
the ECG. The unique feature of the model was a spatially 
dependent diffusion constant to simulate fiber orientation 
and the spatial dependence of gap junctional 
heterogeneity. A quantitative correlation between [K+]o 
action potential (AP) characteristics, tissue conduction 
behaviour, and ECG features was computed by means of 

multiple simulations. Due to the computationally efficient 
methods used, the cell and tissue models allowed the 
necessary high throughput parameter sweep simulations. 

 
2. Methods 

The recently published O’Hara et al. (ORD) ventricle 
cell model [6] was used in this study. Electrical 
heterogeneity simulating endocardial (endo), M and 
epicardial (epi) action potentials (APs) was simulated 
according to the original publication. As the action 
potentials (APs) show rate dependent adaptation, the cell 
models were paced for 1000 beats when the AP was 
deemed to be stable. Using the cell models, the effects of 
altered [K+]o on AP duration (APD90) were simulated in a 
wide range of [K+]o values. Dynamic APD90 restitution 
was computed by pacing the cell models at various pacing 
cycle lengths (PCL) and recording APD90 of the 
penultimate 10 excitations.  

The cell models were incorporated into a 1D 
electrically and spatially heterogeneous bi-domain strand 
using the reaction-diffusion partial differential equation 
(PDE) [7]: 

1( , ) ( )

( ( ) ( )) ( )

m ion app e

i e i

VC I x t I D x
t x x

VD x D x D x
x x x x

φ
β

φ

∂ ∂ ∂
− = + +

∂ ∂ ∂

∂ ∂ ∂ ∂   + = −   ∂ ∂ ∂ ∂   

  Eq. (1) 

where Cm is cell capacitance, V is cell membrane 
potential, Iion is the reaction current, Iapp is the applied 
current, β is the cell surface to volume ratio, De is the 
extracellular diffusion, Di is the intracellular diffusion, 
and φ is the extracellular potential. In accordance with 
experimental data [8], the strand was taken to consist of 
15 endocardial, 25 mid-myocardial, and 150 epicardial 
cells. The intercellular distance was assumed to be 0.1 
mm. The value of Cm was taken to be 1 µF/cm2 [6] and β 
to be 15 mm-1 [9-11] based on previous modelling 
studies. The values of De and Di were adjusted to give a 
solitary wave conduction velocity of 0.5 mm/ms [8]. 
Further, the pseudo-ECG was simulated using the 
extracellular potentials and assuming the recording 
electrode to be grounded [12]. The 1D virtual strands thus 
constructed was seen to be capable of reproducing the 
QRS and T complexes representing the ventricular 
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component of clinical ECG. In the 1D strand simulations, 
one end of the tissue was paced to induce excitations 
propagating through the strand. Stable excitations were 
elicited by pacing the strand using 20 such stimuli at a 
pacing rate of 1 Hz. The CV, APD90 profile, and ECG 
profile produced by the 20th wave propagation were 
recorded for further analysis. Multiple simulations using 
the 1D strand were conducted in a large range of [K+]o 
values. Finally, the CV, APD90, and ECG features were 
correlated to [K+]o. Finally, the effects of heterogeneous 
gap junctional coupling were simulated as a non-uniform 
distribution of De and Di in Eq. (1) under various [K+]o 
values. A step change reduction of the diffusion was 
implemented. 

 

 
Figure 1. Basal AP profiles, and APD90 dependence on 
[K+]o. A: AP profiles of endo, M, and epi cell types in the 
ORD [6] model at [K+]o = 5.4 mM. B: APD90 of the cell 
types as a function of [K+]o. 
 

The cell model ODEs were solved using a higher order 
implicit Backward Difference Formula method that uses 
Newton iterations. The reaction current from the cell 
model solution was then used in the PDE in equation (1), 
which was solved using a Crank-Nicolson 3-point stencil 
finite difference discretization. The resulting systems 
were solved in a single direct step using Gaussian 
elimination. Such an implicit solution imparts 
unconditional stability as well as improved accuracy to 
the numerical solution [7, 11]. The Crank-Nicolson 
discretization has the further advantage of being second 
order accurate in time. Such direct solution is practical 
only for the 1D model under consideration. The time step 
in all simulations was taken to be 0.05 ms, while the 
space step was taken to be 0.1 mm in Eq. (1). The cell as 
well as 1D models in themselves do not present 
computational challenges. The numerous simulations for 
the parameter sweeps were carried out using a distributed 

HPC cluster resource in Liverpool. 
 

3. Results 

APs after 1000 s stimulation at 1 Hz pacing were used 
to characterize stable AP characteristics (Figure 1). The 
basal APD90 at [K+]o = 5.4 mM was found to be 230 ms 
(epi), 272 ms (endo), and 332 ms (M) respectively 
(Figure 1A). At lower values of [K+]o (Figure 1B) 
representing the hypokalemic condition, APD90 was seen 
to increase. AP failed to repolarize for [K+]o under 3.2 
mM. At higher values [K+]o values representing 
hyperkalemic conditions, APD90 reduced. The cell models 
produced aperiodic APs for [K+]o values over 10.4 mM. 
At high pacing rates, dynamic restitution shows alternans 
in the cell models (Figure 2). Under basal conditions 
([K+]o = 5.4 mM), the onset of alternans or aperiodic AP 
excitations was at PCL less than or equal to 270 ms. 
Under hypokalemic conditions ([K+]o = 3.8 mM), the 
onset of alternans was at PCL = 310 ms. Under 
hyperkalemic conditions ([K+]o = 9 mM), alternans onset 
PCL was found to be 290 ms.  

 

 
Figure 2. Dynamic restitution under hyperkalemic (top 
panel), basal (middle panel) and hyperkalemic conditions 
(bottom panel) showing alternans and aperiodic 
excitations at high pacing rates. 

 
In the 1D strand model with uniform gap junctional 

coupling, the correlation between  [K+]o and CV was 
quantified (Figure 3). In both cases of hypokalemia and 
hyperkalemia, CV in the strand was reduced as compared 
to the basal CV of 0.5 mm/ms for [K+]o = 5.4 mM. In 
contrast to clinical observations, excitation propagation 
could not be elicited for [K+]o more than 6 mM.  
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Figure 3. Conduction velocity as a function of serum 
potassium concentration. The gray “X” denotes CV at the 
physiological  [K+]o value of 5.4 mM. 

 
To analyse the correlation between [K+]o and ECG, the 

1D strand with uniform gap junctional coupling was used 
in a parameter sweep simulation. T waves in the 
simulated ECG were then analysed for T wave amplitude 
and T wave repolarization slope (Figure 4).  

 

 
Figure 4. Correlation of ECG with [K+]o. A: 
Representative ECG profile indicating the peak of ECG T 
wave (P1) and points in the ECG used to compute 
descending T wave slope using: (P2 – P1)/(tP2 – tP1). 

 
In vitro experimental observations have shown the 

existence of “islands” of mid cell types in human 
ventricular wall [8]. To incorporate the augmented APD90 
dispersion due to such electrophysiological heterogeneity 
was implemented in the 1D strand. It was done by 
incorporating heterogeneous gap junctional coupling, i.e. 
spatially dependent De and Di in Eq. (1). A step change 
reduction of the diffusion was implemented. As shown in 
Figure 5, the APD90 dispersion (defined as the difference 
between longest and shortest APD90 in the strand) was 
unaffected. The effects of reducing the [K+]o  was the 
increase the dispersion by 7%. Upon increasing [K+]o, the 
dispersion was 18%.  
 

 
 
Figure 5. Increase of APD90 dispersion due to altered 
[K+]o and step change heterogeneous gap junctional 
coupling. 
 
4. Conclusions and discussion 

The simulations provide insights into the 
proarrhythmic effects of [K+]o on cell and tissue electrical 
behaviour. A reduced [K+]o increases APD90 indicating a 
propensity towards spontaneous after depolarization. An 
increased [K+]o reduces APD90 indicating a propensity 
towards sustaining mother rotors leading to persistent 
fibrillation. Although not confirmed in the 1D model, the 
cell models indicate the increased incidence of alternans 
and aperiodic AP excitations due to altered  [K+]o which 
may lead to functional heterogeneity based fibrillation in 
the human ventricles [13]. A reduced CV is known to 
favour sustained re-entry and fibrillation, which is caused 
by altered [K+]o. The biphasic reduction of CV due to 
[K+]o is consistent with previous reports [14, 15]. 
Importantly, the 1D strand has demonstrated a conclusive 
correlation between ECG features of T wave amplitude 
and T wave repolarization slope with [K+]o. This may be 
used clinically in non-invasive diagnosis procedures. 
Finally, incorporating a realistic heterogeneous inter-
cellular coupling was seen to lead to an increased APD90 
dispersion. Such increased electrophysiological 
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heterogeneity is known to lead to increased propensity of 
fibrillation. 

The model limitations are as follows. Although the 
ORD model is extensively validated and biophysically 
detailed, its capability of reproducing AP profiles in the 
complete range of clinically observed  [K+]o (between 2 
mM to 13 mM) remains limited. The incorporation of the 
ORD model into the 1D strand further limits its capability 
to sustain conduction propagation in the physiological 
range of  [K+]o. The electrical heterogeneity incorporated 
into the 1D model is based on limited experimental data, 
which may affect model behaviour and its ability to 
reproduce the effects of [K+]o on ECG. The method of 
solving the PDE by Gaussian elimination is restricted to 
1D problems and may not be extensible to higher spatial 
dimensions as the systems matrix in 2 and 3 dimensional 
problems is prohibitively large. Nonetheless, the direct 
solver method used in this study eliminates any operator 
splitting errors. 

A natural extension of this work would be to study the 
effects of realistic fiber orientation and anatomical 
geometry in combination with the [K+]o alterations [5]. 
The roles of gap junctional heterogeneity needs to be 
further investigated as the present model does not 
reproduce the experimentally observed large APD 
dispersion in human ventricles [8]. 
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